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ABS TRACT 

The s p h e r i c a l  harmonic expansion of t h e  p e r t u r b a t i o n  of t h e  geo- 

magne t i c  f i e l d  i s  c a l c u l a t e d  u s i n g  t h e  maenetopause shape  and c u r r e n t  

sys t em determined p r e v i o u s l y  by the  moment t e c h n i q u e .  The expansion 

c o e f f i c i e n t s  are compared t o  those  determined by a n o t h e r  method by liead. 

I n t r o d u c t i o n  
- -- - - - 

The work r e p o r t e d  i n  t h i s  paper  i s  a d i r e c t  outgrowth o f  t h e  

c a l c u l a t i o n s  of Piidgley and Davis ( 1 9 6 3 )  and t h a t  p a p e r  ( h e r e a f t e r  

r e f e r r e d  t o  as I )  must be read f i r s t  by anyone who d e s i r e s  t o  f o l l o w  

t h e  d e t a i l e d  c a l c u l a t i o n s  or es t i rqa t e  t h e  accu racy  t o  be expec ted  o f  

t h e  r e s u l t .  

I n  g e n e r a l ,  paper  I o b t a i n s  a n u r x r i c a l  s o l u t i o n  ( b y  J. method 

i n v o l v i n e  no  approximation i n  t h e  b a s i c  e q u a t i o n s )  t o  t h e  problem o f  

a d i p o l e  normal t o  a c o l d ,  f i e l d - f r e e  plasma wind. 

i s  de te rmined  f o r  t h e  f i e l d ,  and t h e  s u r f a c e  c u r r e n t s  which p r o p e r l y  

b a l a n c e  t h e  plasma p r e s s u r e  a t  each p o i n t  of t h e  s u r f a c e  and approximate- 

l y  c a n c e l  t h e  f i e l d  everywheye o u t s i d e  t h e  s u r f a c e  are c a l c u l a t e d .  The 

magne t i c  f i e l d  o f  t h e s e  s u r f a c e  c u r r e n t s  is c a l c u l a t e d  a t  a number of 

d i s c r e t e  p i n t s  and f i e l d  p l o t s  made from t h e s e  v a l u e s .  

A bounding s u r f a c e  
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I t  h a s  been brought  t o  t h e  a u t h o r ' s  a t t e n t i o n  by Dr. G i l b e r t  

Mead t h a t  t h e  more u s e f u l  and t r a d i t i o n a l  way o f  s p e c i f y i n g  t h e  

geomagnet ic  f i e l d  i s  by means of t h e  c o e f f i c i e n t s  i n  a s p h e r i c a l  

harmonic expans ion  of its scalar p o t e n t i a l .  These have been o b t a i n e d  

by a small m o d i f i c a t i o n  of t h e  programs used  i n  pape r  I .  

C a l c u l a t i o n  of t h e  Expansion C o e f f i c i e n t s  

The scalar  p o t e n t i a l  ( d e f i n e d  so t h a t  2 = - V $ )  of t h e  p a r t  of 

t h e  geomagnet ic  f i e l d  due t o  t h e  surface c u r r e n t s  may be e x p r e s s e d  as:  

Fol lowing t h e  convent ion  o f  pape r  I ,  R is t h e  u n i t  o f  l e n g t h  (chosen  

as t h e  d i s t a n c e  from t h e  n e u t r a l  p o i n t  t o  t h e  ea r th - sun  a x i s )  and J i s  

t h e  u n i t  o f  cu r ren t -pe r -un i t -wid th  (chosen  as ( N  M U /n)1/2 where N M 

is t h e  d e n s i t y  and U t h e  v e l o c i t y  of  t h e  wind).  Thus t h e  c o e f f i c i e n t s  

sp are d imens ion le s s  c o n s t a n t s  and t h e  5' a r e  d imens ion le s s  f u n c t i o n s  

of (r,O,$). The 

which van i sh  a t  t h e  o r i g i n :  

N 

0 

2 
o t o  o t  

0 

nm nm 

, however, a r e  t h e  s o l u t i o n s  of Lap lace ' s  e q u a t i o n  
nm 

t 

w h i l e  t h e  Dp 

F u r t h e r ,  i n  de fe rence  t o  a c c e p t e d  convent  i o n ,  t h e  Schmidt no rma l i zed  

Legendre polynomia ls  (deno ted  P h e r e )  w i l l  be used r a t h e r  t h a n  t h e  

Pm of (2 .4) .  They a r e  d e f i n e d  (Chapman and Bartels,  1940,  p. 639)  as 
-m 

f o l l o w s :  P = Ci2-  (n-m)!/(ntm)!] 'I2 Pm. The c o o r d i n a t e  system 

h e r e  h a s  i t s  z a x i s  p o i n t i n g  toward t h e  sun and i t s  y a x i s  a long  t h e  

of paper  I ( e q u a t i o n  2 . 4 )  were t h e  ones  v a n i s h i n g  a t  i n f i n i t y .  
nm 

-m 
n 

n 

n n 

d i p o l e .  A s  b e f o r e ,  i t  i s  a c t u a l l y  t h e  v e c t o r  p o t e n t i a l  
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t h a t  is most e a s i l y  c a l c u l a t e d ,  and so t h e  r e l a t i o n s h i p s  between t h e  2 ,  7 ,  

z and t h e  s must be d e r i v e d .  These are:  

which, of c o u r s e ,  d i f f e r  from ( 2 . 0 )  because  5' d i f f e r s  from DP . 
The ?, 7 ,  and Z are given by (2.12)  w i t h  some minor changes.  

nm nm 

'IT S i n c e  t h e s e  changes have no e f f e c t  on t h e  symmetry abou t  t h e  0=0 o r  Q=- 
2 

p l a n e s ,  e q u a t i o n  (4.1) s t i l l  a p p l i e s ,  and t h e  o n l y  non-zero s' are: 

The first r e l a t i o n  i s  used (because it a p p l i e s  when m=n) t o  o b t a i n  i n t e g r a l  

-I , 

e x p r e s s i o n s  for t h e  S 

f o r  t h e  s u r f a c e  c a l c u l a t e d  i n  I ,  g i v i n g  t h e  v a l u e s  shown i n  Table  1. 

Transformat  i o n  t o  i4ametic Coord ina te s  

ana logous  t o  (4 .6) .  These i n t e g r a l s  were e v a l u a t e d  nm 

~ ~~ 

The n a t u r a l  c o o r d i n a t e  system f o r  t h e  above c a l c u l a t i o n s  h a s  i t s  

p o l a r  a x i s  a l o n g  t h e  e a r t h  sun l i n e ;  b u t  t h e  most u s e f u l  c o o r d i n a t e  

system for t h e  r e s u l t s  h a s  i t s  p o l a r  a x i s  a l o n g  t h e  e a r t h ' s  d i p o l e  a x i s .  

The c o o r d i n a t e s  i n  t h i s  new system w i l l  b e  denoted by ( r ,  e ' ,  0 ' )  where 

0' is  measured from t h e  d i p o l e  a x i s  ( t h e  y a x i s  i n  t h e  o l d  ( r ,  8, 0 )  system) 

and @' i s  measured from t h e  midnight mer id i an .  Denote t h e  scalar p o t e n t i a l  
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expans ion  c o e f f i c i e n t s  a p p r o p r i a t e  t o  t h i s  new c o o r d i n a t e  system by 

TEk so t h a t  

-P I n  o r d e r  t o  e x p r e s s  t h e  Tp as  f u n c t i o n s  of t h e  Snm, it is  n e c e s s a r y  t o  

be a b l e  t o  e x p r e s s  t h e  D ( r , e , @ ) ,  m=1,3,.. .n, as l i n e a r  combina t ions  of 

t h e  ?k(r,O',@'). 

nk 
-1 
nm 

The t r a n s f o r m a t i o n  matrices iinP can be d e r i v e d  from t h e  e q u a t i o n s  for 

t h e  t r a n s f o r m a t i o n  o f  s p h e r i c a l  harmonics (see Rose ( 1 9 5 7 )  e q u a t i o n s  

4.28a, 4.12, 4.13, and 111.20) 

mk 

- 

ntk  n+ li 3m+2k-1 M n p  = 6  (l-(-l) ) ( 1 / 2 )  
mk p0 

, nik (-1)' r(2-bko)(n-rn)!(n+m)!(n-k)!(n+k)!1 1/2 
s=t (stk-m)!(n-k-s)!(ntm-s)!s! 

9 )  

where t=m-k u n l e s s  m<k i n  which case  t = O ;  and 6 = O  u n l e s s  p=O i n  

which case 6,,=1. 

g i v e n  i n  Table  2. 

w i t h  ( 7 )  we g e t  

PO 

The numer i ca l  v a l u e s  of some of t h e s e  matrices are 

I n s e r t i n g  equa t ion  ( 8 )  i n t o  e q u a t i o n  (1) and comparing 

n 

m =  1 

O = p S .  no-1 
ink nm Tnk (m odd o n l y )  (10) 

7P 
T h i s  is t h e  e q u a t i o n  used  i n  d e r i v i n g  Table  3 from Table  1.A The g r a d i e n t  

of ( 7 )  was c a l c u l a t e d  ( u s i n g  t h e  c o e f f i c i e n t s  i n  Table  3)  a t  t h o s e  p o i n t s  

i n  t h e  e q u a t o r i a l  p l ane  where t h e  f i e l d  had been c a l c u l a t e d  d i . r e c t l y  i n  

p a p e r  I. 

methods agreed  t o  b e t t e r  t h a n  0 .1  p e r  c e n t  a t  a l l  p o i n t s  w i t h i n  O.4R 

o r i g i n .  

I t  was found t h a t  t h e  f i e l d s  c a l c u l a t e d  by t h e s e  two d i f f e r e n t  

of t h e  
14 

A t  p o i n t s  w i t h i n  abou t  30° of  t h e  e a r t h - s u n  l i n e  agreement was 



i t  
b e t t e r  t han  0.4 p e r  c e n t  o u t  t o  0.9 R ; ,  butt\rras n o t  as rood toward t h e  

t a i l  of- t h e  c a v i t y .  There is. about a 2 p e r  c e n t  d i s c r e p a n c y  i n  tlie v a l u e s  

a t  0.7!:, i n  t h e  n i c h t  'Iici:iisphere, r i s i n g  t o  8 per c e n t  a t  K i .  

!li s c u : ; ~  i on 

The scalar p t e n t i a l  o f  t h e  f i e l d  produce(' hy t h e  s u r f a c e  c u r r e n t s  

h a s  also been d e t e r r i n e d  by - :lead (1963)  "y a x t h o d  i n v o l v i n f -  IiiCher 

orcler c o r r e c t i o n s  t o  3eard's s o l u t i o n .  Fol lo :J inz  C.i;a>-an G Z a r t e l s  (1943). 

!le expresses t h e  ex;)ansion 01 t h e  s c a l a r  p o t e n t i a l  i n  t h e  florr;i 

where a is  t h e  r a d i u s  o f  t h e  ear th  a t  t he  e q u a t o r .  Lquat ing ( 7 )  and 

(11) and u s i n g  ( 5 . 3 )  from I w i t h  S1 =-7.0030 an6 ro=1.0166k.  1, / a  F i v e s  t h e  

f o l l o w i n g  r e l a t i o n s h i p  between TO anti rn. 
11 

r' 

nm 

where L i s  t h e  r i a p i t u c l e  of t h e  e a r t h ' s  d i p o l e  I - i e l d  ;It the  e l u a t o r  and 

r i s  t h e  c ' istance t o  t h e  ;ubsol;lr  Taint i n  u n i t s  of eartli r . a? i i .  'csin; 

t h i s  f o r r - u l a , t h e  r e ; u l t s  i n  Table 3 have Lcen ex2rcs sed  i n  l'ecid's n o t a t i o n  

(cl ioosing 2 = . 3 1  ;-suss) and are co~:)aret l  u i t h  1.ea.d's r e s u l t s  i n  T & l e  4 .  

e 

0 

e 

I t  is  a r,oot q u e s t i o n  as t o  rrhether the  zero t en?e rwtu re  s o l u t i o n  

or t h e  s o l u t i o n  wi th  a superir:;Josecl 17, i s o t r o p i c  ;)re-,sure i s  rwre r e m i n y f u l  

p h ; ~ s i c a l l y ,  because t h e  forcier d o e s n ' t  c l o s e  a t  a l l  on t h e  n i g h t  s i d e  and 

t h e  l a t t e r  c l o s e s  too a b r u p t l y .  ConFininF, o u r  a t t e n t i o n ,  however, t o  t h e  

d i s c r e p a n c y  i n  t h e  r e s u l t s  €or t h e  two ze ro - t empera tu re  s o l u t i o n s  , it  a p p e a r s  

t h a t  it can be e x p l a i n e d  a lmos t  e n t i r e l y  i n  t e r r s  of t h e  d i f f e r e n c e s  i n  

t h e  s u r f a c e  shailes determined by t h e  tLio ne thods .  for i n s t a n c e  , d e f i n i n g  

y = ro/Ril, f o r  i lead's s u r f a c e  y = 1.08, whi le  for t h e  a u t h o r ' s  s u r f a c e  

y = 1.0166, If !lead's v a l u e  were used  i n  (12) t h e  l a s t  l i n e  of Table 4 would 
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r e a d :  -0,240 0.3.19 -0,014 -0.020, I t  i s  e a s y  t o  see q u a l i t a t i v e l y  why y 

s h o u l d  a f f e c t  t h e s e  c o e f f i c i e n t s  t h e  way it does. The d i p o l e  n o r e n t  of t h e  

s u r f a c e  is  roughly p r o p o r t i o n a l  t o  r2 Z , , J  S i n c e  t h i s  m u s t  e q u a l  

t h e  e a r t h ' s  d i p o l e  nonen t ,  t h e  .Field OF t h e  e a r t h ' s  d i p o l e  a t  t h e  s u b s o l a r  

p o i n t  must be p r o ? o r t i o n a l  t o  J o / y .  

so  t h e  f i e l d  t h e r e  due t o  t h e  s u r f a c e  c u r r e n t s  (L2nJ (2-1/y)) must i n c r e a s e  

w i t h  i n c r e a s i n g  T. 

3 = r J /y. 
0 A. 0 0 0  

The t o t a l  f i e l d  t h e r e  v u s t  be  4 n J  
0 ,  

0 

There i s  no c l e m c u t  xajj t o  clecide which o f  t h e  t i r o  shapes  (and t h e r e f o r e  

which s e t  of c o e f f i c i e n t s )  i s  pore a c c u r a t e ,  b u t  i n  all f a i r n e s s  t h e r e  is 

one p i e c e  of ev idence  which f a v o r s  l lead's r e s u l t .  The c a l c u l a t i o n  of ( 6 . 3 )  

i n  p a p e r  I i n d i c a t e s  t h a t  539" of t h e  f i e l d  j u s t  i n s i d e  t h e  s u b s o l a r  p o i n t  is  

c o n t r i b u t e d  by t h e  e a r t h ' s  d i p o l e ,  wh i l e  f o r  Iiead's s o l u t i o n  t h e  co r re spond ing  

r e s u l t  i s  p robab ly  abou t  47%. 

p e r c e n t a g e s  are 59% and 33%. A c y l i n d r i c a l  box w i t h  a c e n t e r e d  d i p o l e  can 

E ive  a r e s u l t  g r e a t e r  t h a n  5OPu,  bu t  it must have a l e n p t h  t o  d i a m e t e r  

r a t i o  o f  a lmos t  t h r e e  i n  o r d e r  t o  do so. 

Kith a p l a n e  or s p h e r i c a l  boundary, t h e  e x a c t  

I n  c o n c l u s i o n ,  it is E r a t i F y i n p  t h a t  t h e  two sets of c o e f f i c i e n t s  

aEree as w e l l  as t h e y  do, c o n s i d e r i n y  t h e i r  comple t e ly  d i f f e r e n t  

d e r i v a t i o n s .  It  i s  r e a s o n a b l e  t o  say  t h a t  t h e  d i s c r e p a n c i e s  between them 

are p robab ly  smaller t h a n  t h e  errors due t o  t h e  o v e r s i m p l i f i c a t i o n  o f  t h e  

o r i g i n a l  model. 

A C K! i 0 L C DG? IZIJ T S 
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n =  

m = 1 

m = 3  

m = 5  

k =  

m = l  

1 2 3 4 5 6 

-4.3380 -1.9373 -.1146 .208 .081  -. 087 

.358 .2  47 IO001 - . lo7 

.089 -.067 

n = l  

0 

1 

- 
- 

- 

- n=2  

1 

n = 3  n = 4  n = 5  

0 2 1 3 0 2 4 

m = 3  

3 

I 

4 5 

Table 3. Transformed Cxpansion C o e f f i c i e n t s  To 
nk 

-. 310 

k = l I  I 1.9373 

.007 

-. 005 

.064 

I .379 I 

6 

,152 

.005 

-. 021 

n = 6  I 
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I liead - 1?0 i s o t r o p i c  g r e s s u r e  

ilead - z e r o  t e m p e r a t u r e  

. i idgley - zero t empera tu re  

Table  4. Comparison of  liead's Expansion C o e f f i c i e n t s  w i th  

t h e  Correspondinc T:.. (See e q u a t i o n  13)  

5 2  
roF'3 

3 0  4 1  
0' 1 roP2 

r~ 

-0.277 0.108 -0.012 -0.024 

-0.243 0.121 -0.014 -0.023 

-0,200 0.092 -0.010 -0.015 


